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Recently we have developed methods for the design and analysis 
of shockless transonic airfoils related to the supercritical wing of Richard 
Whitcomb. The principal attribute of these wing sections is that they 
tolerate a large enclosed supersonic zone extending nearly to the tail 
at design conditions. Such effects are achieved by introducing aft 
loading so as to reduce any adverse pressure gradients that might 
cause the turbulent boundary layer to separate. However, wind tunnel 
tests have shown that even moderate separation over the last few percent 
of chord on our airfoils can result in a 15 or 20% loss of lift and a 
pressure distribution that does not meet design specifications. The 
purpose of this paper is to indicate how separation can be eliminated 
altogether from the profiles defined by our hodograph method and 
consequently how they can be brought up to the desired specifications. 
We solve the partial differential equations of two-dimensional gas 
dynamics by a finite difference scheme based on complex characteristic 
coordinates. This transforms a given analytic function of the complex 
variable 77 into a stream function Z/J defining a shockless airfoil when 
appropriate conditions are satisfied in the hodograph plane. The 
requirements on z,A are overdetermined both because the underlying 
flow problem is transonic and because we impose extra interpolation 
conditions at the nose and tail of the profile. However, satisfactory 
solutions can be obtained by adding logarithmic singularities to the 
given analytic function at carefully chosen points in the q-plane. For 
example, limiting lines are controlled by a subtle selection of logarithms 
in the transonic zone. But if the drag creep due to weak shock waves 
appearing on the airfoil at off-design conditions is none the less excessive, 
then the overall size of the supersonic region of flow must be reduced 
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by slacking off a little on one of the basic physical parameters of the 
problem, such as the free-stream Mach number M. 
The Kutta-Joukowski condition is met by placing the tail of the 
profile at a specified position in the hodograph plane. To allow for 
subtraction of a boundary layer correction from the ultimate airfoil 
in the physical plane, we insert a sink at infinity but keep 9 single- 
valued in the hodograph plane, so that there is a wake bounded by 
parallel streamlines across which the pressure balances. 
For the momentum thickness 0 and the displacement thickness 
6 = Hd of our turbulent boundary layer correction we use the von 
KLrmbn equation 
where S, Q, and M are arc length, speed, and local Mach number in 
the outer inviscid flow, and where the shape factor H and the skin 
friction 7 are defined by semi-empirical rules due to Nash and Macdonald 
[3]. According to the formulas of Nash and Macdonald, separation 
of the boundary layer is predicted when 
h% f -0.004. 
q ds 
Thus to avoid separation we want the largest values of the adverse 
pressure gradient -dq/ds to occur before the momentum thickness 
8 becomes too big. This requirement adds to the difficulty of our already 
overdetermined design problem. 
One of the easiest ways to reduce the effect of separation on a lifting 
profile is to introduce enough aft loading so that the speed q along 
the upper surface does not have to return at the trailing edge to a value 
much below that at infinity. In the hodograph plane, this is achieved 
by locating the tail near the level curve of q through the point corre- 
sponding to infinity, a procedure which automatically produces aft 
camber. If care is not taken, however, the adverse gradient -dq/ds 
will become infinite anyway at the tail and unfavorable separation 
will occur in the last few percent of chord along the upper surface 
of the airfoil. 
The way to avoid such an occurrence is to make the image of the 
upper surface in the hodograph plane become tangent to the level 
curve of q through the tail, which makes the corresponding gradient 
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of Q remain finite in the physical plane. In the case of heavily aft loaded 
profiles for which p only falls back to its free stream value at the tail, 
we ask that # have a multiple critical point at the image of the tail 
in the hodograph plane, so that the favorable pressure gradient dq/ds 
on the lower surface can become infinite because the associated level 
curves of # and q are not tangent, but intersect at an angle of 60”. 
The angle of the flow has a local minimum at such a tail, which means 
that both the upper and the lower surfaces of the airfoil turn monoto- 
nically downward there. In fact, they would overlap if we did not 
thicken the tail to provide for a reversed boundary layer correction. 
If less aft loading is desired, then the speed q must be expected to 
fall to a value at the tail significantly below that at infinity. To avoid 
separation in such a situation, we impose a simple critical point on t) 
at the image of the tail in the hodograph plane, with the profile tangent 
to the level curve of q there, and with the angle of the flow increasing 
monotonically as we pass from the upper surface through the tail 
to the lower surface. This is like the more familiar case of a cusped 
tail, but there is more difficulty in eliminating separation entirely 
because a relatively high value of the base pressure is involved here. 
For an optimal configuration, the speed should fall sharply at about 
70 or 80% of chord and then should curl up just before the trailing 
edge, so that the parameter 8 dq/q ds occurring in the formulas of Nash 
and Macdonald remains just above -0.004 over a significant range. 
Using aft loading such that the base pressure is nearly that at infinity, 
we have designed several high-lift shockless airfoils for which there 
will be theoretically no separation whatever [I]. Lift coefficients C, 
exceeding 1.4 and thickness-chord ratios T/C above 0.16 have been 
attained without separation. We have also attacked successfully the 
harder problem of a low-lift profile with a cusped tail developing little 
aft loading. An example of the latter type which is designed for shockless 
flow without separation at free stream Mach number M = 0.8 and 
lift coefficient CL = 0.3, and which has a thickness-chord ratio 
T/C = 0.12, is shown in Fig. 1. Observe how evenly the Mach lines 
are spread out at both ends of the supersonic zone. Both this and the 
interesting distribution of the pressure coefficient C, near the tail 
have been achieved by painstaking location of logarithmic terms in 
the representation of the analytic function generating our solution 
of the transonic flow problem. 
Wind tunnel testing will be required to establish that the airfoils 
we have designed to completely eliminate boundary layer separation 
AIRFOIL DESIGN 167 
T/C=.122 
FIG. 1. Shockless flow without separation. 
do have that desired property in practice. However, evidence from 
earlier tests of airfoils we designed before arriving at the present 
procedure to handle the problem of separation near the tail do serve 
to substantiate, at least in part, our claim for the theory. 
First of all, for heavily aft loaded airfoils exhibiting separation at 
the rear of the upper surface, the experimental pressure distributions 
are nearly linear up to the point of separation, after which they turn 
upward slightly. This observation suggests the new model of the tail 
we have described above. Secondly, we have modified an earlier 
iterative scheme [2] f or the analysis of transonic airfoils at off-design 
conditions where weak shock waves appear so as to include the effect 
of a turbulent boundary layer correction. To arrive at the right amount 
of aft loading, we thicken the boundary layer after separation until 
the pressure distribution barely remains monotonic near the tail on 
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the upper surface. Thus we obtain a finite pressure gradient there of 
the kind seen experimentally. Runs of the new analysis program show 
remarkable agreement with the test data on our older series of airfoils [l]. 
Finally, for the new airfoils that are supposed to have no separation 
at design conditions, analysis results using the modified program do 
indicate that separation should not occur anywhere. 
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